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1) a) let a, b and c be three vectors, then there scalar product is writtenasa X b - ¢

)] a X b =|a||b|siné

Where n is the unit vector perpendicular to both a and b and @ is the angle
between a and b

a X b = Area of the parallelogram OADB - n
|a x b| = Area of the parallelogram OADB
axb - -c=|axb|-|c|cosp
Where ¢ is angle between n and ¢
|c| cos ¢ = perpendicular distance between the faces 0OADB and CA'D'B’
a X b - ¢ = Area of the parallelogram OADB
x perpendicular distance between the faces OADB and CA'D’'B’

= volume of the parallelepiped having a, b and c as its co terminus
edges

i) a=2i—3j+4k,b=i+2j—k, c=3i—j+ 2k
=~ volume of the given parallelepiped=a x b - ¢
=[(2i —3j+4k) (i+2j— k)] (3i—j+ 2k)

1



i)

b)

i j ok
=2 -3 4|-@i—j+2k)
1 2 -1

= (=5i + 6j + 7k) - (3i — j + 2k)
=|—15—6 + 14| = 7 units
axb - c

= [(a—2b + 3c) X (—2a+ 3b —4c)]- (a—3b + 5¢c)

=[(-2axa+3axb—-4axc) +(4bxa—6bXxb+8bXxc)
+(—=6cxa+9cxb—12c x c¢)]- (a—3b + 5¢)

=—(axXxb+bxc+2cxa) (a—3b+5c)

=—(axXxb-a+bxc-a+2cxa-a—axb-3b—bxc-3b—2cXa
3b+axb-5¢c+bxc-5¢c+2cxXa-5c)

=—-bXc-at+6cxab+5axb-c
=0 “[bxc-a=cxa-b=axb-c]

Ifa xb -c =0 the volume of parallelepiped having a’, b’, ¢ as its
coterminous edges is zero-

. a,b’,c are coplanar vectors:

leta = Clli + azj + a3k,b = bli + bz] + b3k and ¢ = Cli + C2j + C3k

i j k
bxc=|by by bs|=(byc3—bzcr)i+ (bsc; —bic3)j + (bic; — bycy)k
i C C3
i j k
ax(bxc)= a, a, as
(byc3 — b3cy)  (bscy — bycg)  (bycy; — bacy)

= [az(byc; — bycy) — as(b3€1 - b1C3)]i
+[az(byc3 — b3cy) — ay(bicy; — bycy)lj

+[a;(bscy — bic3) — az(byc3 — bscy) ]k



a-c=(ajc; +azc, +ascs)
a-b = (a;b; + ab, + azbz)
(a-c)b—(a-b)c = (ajc1 + aycy; + azc3)(byi + byj + bs3k)
—(a1by + azby + azbz)(cii+ cyj + c3k)
(a-c)b—(a-b)c = (a;bycq + azbicy + azbic3—aybicy — azbyc; — azbscy)i
+(a bycq + azbycy + azbycz — aybicy; — azbyc; — azbscy)j
+(a1b361 + aybscy + azbzcz — a1b163 — apbyc3 — a3b3c3)k
(a-c)b—(a-b)c = (ay(bic; — bycy) + az(bics — bzcy))i
+(az(byc3—b3cy) + ay(bycy — bicy))j
+(a1 (bscy — bycs) + az(bscy — b2C3))k

ax(bxc)=(a-c)b—(a-b)c

[A] ix(axD+jx(axj)+kx(axk)
Leta =a,i+a,j+ak
(i.Da— (i.a)i+ (. )a—(.a)j+ (k.k)a— (k.a)k
=a—(i.a)i+a—(j.a)j+a— (kak
=3a—[({.a)i+ (j.a)j + (k.a)k]
ila=a, ja=a, ka=a,

=3a — [a,i+a,j+ a,k]
=3a—a=2a

[B] ax((bxc)=(a-c)b—(a-b)c
bx(cxa)=(b-a)c—(b-c)a
cx(axb)=(c-b)a—(c-a)b

ax(bxc)+bx(cxa)+cx(axb)=0



2)

b)

i)
i)

o

1
OM =>[0B + 0C]

1

1
0M=§[b+3a]

CB=CO+0B=-3a+b=b-3a

MB—ECB—E(CO+OB) =>(b-3a)
BS = kBA = k(a — b)

1
MS=MB+BS=§(b—3a)+k(a—b)

N 3
MS=MB+BS=(§—k>b+(k—§>a
If MS parallel to BO, MS = uBO = —ub
b—(l k)b+(k 3)

=12 2)¢

k =0 'k—3
= w k=g

u>0



P > 4
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2 2
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3)

b)

n
b
a

ax b = |al||b|sinfn

|al ,|b| are modules of the vector a and b, 6 be the angle between a and b.
n is the unit vector such that if a right handed screw is rotated from a to b
with the axis of the screw perpendicular to the plane contains a and b

i) |a X b| = |a||b]|sin b
la x b|? = |a|?|b|? sin® 6
a.b = |a||b|cos b
(a.b)? = |a|?|b|? cos? 6

la x b|?> + (a.b)* _ |al?|b|?(sin* 6 + cos* ) _
la|?|b|? - la|?|b|? -

i) a.[bx(a—b)]=abxa—abxb=0
p=2i—-3j+k q=i—j+2k andr =xi+yj+zk
If PQRS is a parallelogram PQ = SR
PO + 00 = SO + OR
0S = 0P + OR — 0Q
0S=p+r—q ——(
Given thatﬁ x PR = OR
PQ=P0+0Q0=—-Ri-3j+k)+({i—j+2k)=—i+2j+k
PR =PO0 + OR = —(2i — 3j + k) + (xi + yj + zk)
=x-2)i+(y+3)j+(z-1k
- i j k
POxPR=| -1 2 1
x—-2) (+3) (-1
PQxPR=[2(z=1) = +)]i+[(x—2) + (z - D]j

+[-(y+3)—-2(x—-2)]k



ﬁxﬁf=5ﬁ=xi+yj+zk
2z—y—5=x x+z—-3=y - 2x—-y+1=2z

x+y—2z=-5 ——(1)

x—y+z =3 ——(2)
+y+z=1 ——(3)

D+ @2 2x—z =—2 ——(4)
@)+ (3) 3x+2z=4 ——(5)

(4)x2+ (5 7x =0

x=0
z=2
y=-1
OR = —j — 2k lr| =5

From equation (S)
0S=p+r—q
=Qi—3j+k)+(—j—2k)— (i—j+ 2k)
=i—-3j+k
Avrea of the parallelogramﬁj x PR
PR=PO+0R=(x—-2)i+(+3)j+(z—-1Dk=-2i+3j+k

i
PQ X PR =

NN S~
R

-1
-2

PQXPR=0i—(-14+2)j+ (-2+ 4k =—j+2k
PQ x PR = —j + 2k

|PG x PR| = 5



4)

b)

1—-4 1 -1
If A= 2 1-2 2 | =0 forsome values for A
2 -1 4 — A
Then the matrix A4 invertible for those values of 1
A-D[A-D@-1D+2]—-1[24—-21) —4]—-1[-2—-2(1 -] =0

1= =51+6]—-(4—-2)+@-21)=0
B —612+111+6=0
A+1)(A%*-51-6)=0
A+1DA-2)1-3)=0

A=-1,A=2and 1 =3

~ Matrix A invertibleforA=—-1, A=2 and 1 =3

x+2y+3z=kx
3x+y+2z=ky
2x+3y+z=kz

1-k)x+2y+3z=0
3x+(1—-k)y+2z=0
2x+3y+(1—-k)z=0

1-k 2 3 X 0
3 1-k 2 l}’l= 0
2 3 1—-kltz 0

1-k 2 3 ]

A= 3 1-k 2
2 3 1-k
[Al=(1-k)[(1-k)(1—k)—6]—2[3(1—k)—4]+3[9—2(1—k)]
Al = (1 —k)3—18(1—k) + 35
=y3—-18y+36 where y=1-k
=y3—-18y +36
=W +5@*-5y+7)
|A] =0 When y = -5
~1—-k+5=0
k=6
The above systems of equation have non zero solutions when k = 6

x+y=2
x+R2-NDy+z=2
2y +cosAz =3

1 1 0 X 2
[1 2—1 1 ] I}’l = [2]
0 21 cosAltz 3



1 1 0 X 2
A=11 2-2 1] leyl B=2]
0 21 cosA z 3
Ax =B
1 1 0 ;2
Augmented Matrix [4,B] = |1 2-2 1 : 2]
0 21 cosA : 3
0 1 0 P2
C1—>C1_C2 A-1 2-2 1 : 2]
| —24 24 cosA : 3
c [ 0 0 0 )
C2—>—4—C2 A—-1 A—-1 1 )
2 —21 3/y,—21 cosA 3

~ Rankof [4,B] = 3

|[Al =[(2—=2)cosA—2A] —cosA
=cosA(1—21)—24
= —A(2 + cosi) +cos A
If —A(2+cosd)+cosA=0
oAl =2
~ Rankof4 =2 where A(2 + cosA) + cosA =0
Rank of A # Rank of [A4, B]
=~ Then the system has no solutions, so, that is the system is inconsistent.

When A = 0 rank of (4,B) = 3

|[Al =cos0=1 . |A|#0

~ Rank of A ==

Rank of A = Rank of [A4, B]
~The system has a unique solution.
IfA=0

Ax =B
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b)

1 -1 1
A=]-1 0 0]
2 0 -1
1 -1 1711 -1 1 4
A>=[-1 0 0”—1 0 0]=[—1
2 0 -—-1ll2
4 -1 0
AB=4AA=|-1 1 —1]
0 -2 3
5 —4 4
AB-A-1=|-4 1 o0
8 0 -3
0 0 O
=10 0 0]=0
0 0 O
1-12 2
A—,u:[o 3-1
0 0 —(

0 -1 0

=1 =D[-B-D(2+ )]
=A-1DB-1DH2+1)

Since |[A—AI| =0

AA=1DB=DC2+ D)

. A=1, A=3and 1 =-2

x—2y+3z=4
2x —3y+az=5
3x —4y+5z=5»b

1 -2 3]x 4
20
3 —4 51z b

AX =B
1 -2 3 X
A=12 -3 a ley
3 —4 5 z

4
5
b

] B =

|

-1

1

2

Det A = 1(—15 + 4a) — 2(3a — 10) + 3(-8 + 9)

=8—2a

i) Whena =4 then DetA=0

-2

5

(1 -1 1

-1 0 0]=

[ 2 0

T 1 —1

S FERU
] -1

-3

2

2+ 1)

Whena =4 then RankA=((3-1)=2
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b)

1 -2
A:B=|2 -3

3 —4
1 -2
R3—>R2X2_R1_R3 2 )
0 O

~ If b=6, Det(4:B) =0
Rank (4:B) = 2

oA WUl AW

Whena = 4 and b # 6 then Det (A: B) # 0

Rank (A:B) = 3,Rank A =
=~ The system is inconsistent.

2

=~ That is the system has no solution

ii. When a # 4 ,then Det A # 0

Rank A = 3 = Rank (4: B)

= The system has unique solution

il. Whenb =6anda = 4

Rank (A: B) = Rank A < number of unknowns
= The system has infinite number of solution

bc bc(b +¢)
ca ca(c+a)
ab ab(a+b)

Ry Xa,Ry,Xb,R3Xc
1 |@ abc abc(b + c)
A= b abc abc(c+ a)
abe ¢ abc abc(a+b)

(abC)Z a 1 (b+0o)

>
Il
[N

A=

abc c 1 (a+b)

3x+y+z=px
x+3y+z=py
x+y+3z=pz

3—p 1 1 X 0
1 3—p 1 “yl= O]
1 1 3—pllz 0
Ax =0
3—b 1 1
WhereA =] 1 3—b 1 ]
1 1 3—b
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The homogeneous liner equation system Ax = 0 has non trivial solution if and
onlyif DetA =0
~B-pIB-p*-1]-1B-p)-1]+1[1-B-p)]=0
B3-p)P-3B3-p)+2=0

Let3—p =t
t3-3t+2=0
t-D{t*=-t-2)=0
t-D@E-2)t+1)=0

t=1,t=2o0rt=-1
3—p=1,3—-p=203—-p=-1

p=2, p=1o0or3—p=1whenp =1,2o0r4 the system of equation has
non trivial solution

2x+y=0
(k—2)x+ky—2z=0
6x+3y+(k—1)z-0

< 2 -l

Ax—O

2 1 -1
k-2 k —2]
6 3

Where A =

~DetAd=2[k(k—1)+6]—1[(k—2)(k—1)+12] — 1[3(k — 2) — 6k]
= 2[k? —k + 6] — [k? — 3k + 14] — [-6 — 3k]

=k?+4k + 4

= (k + 2)?

Whenk = -2, DetA =0

=~ There is only one value for k (k = 2) which the given system of equation
has non trivial solution
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